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Abstract
We review the recent developments in the two-dimensional (super)gravity coupled to
c(cˆ) ≤ 1 (super)conformal matter in the conformal gauge. Starting from a pedagogical
account of the conformal anomaly in such a system, we show how the system is trans-
formed into the representation in terms of the (free) Liouville field. Some perturbative
justification is given to this procedure. The physical states are then examined both for
the bosonic and supersymmetric theories, using the BRST formulation. It is explained
how new discrete states arise together with some examples. We also discuss the relation
with the results for c = −2 “topological” gravity. The vertex operator representations
for the discrete states are summarized for c = 1 theory and are used to examine the
interactions of these states. It is found that the states with nontrivial ghost number
have interactions governed by the area-preserving diffeomorphism similar to those with
vanishing ghost number. The resulting effective action has a BRST-like symmetry.
∗An expanded version of the talk given at the workshop on Elementary Particles and Symmetries,
Hiroshima University, April 21–23, 1992.
1 Introduction
The last few years have witnessed remarkable progress in the attempts to treat two-
dimensional (2D) quantum gravity nonperturbatively. This has been initiated by the
discovery of the double scaling limit in the matrix models, which enables us to go beyond
genus expansion by means of the differential equations satisfied by the nonperturbative
partition function [1-3].
These advances have spurred much progress in the continuum approach using the
Liouville theory. As is well known [4-6], 2D gravity coupled to conformal matter in the
conformal gauge reduces to the Liouville theory with complicated nonlinear dynamics
through conformal anomaly. However, inspired by the recent exact solution of the Liou-
ville system in the light cone gauge [7], a method based on conformal field theory has
been well developed and this allows us to treat the Liouville field as almost free field [8-
10]. Various quantities such as correlation functions have been successfully computed in
this approach [11]. The consistency of whole this procedure requires that the conformal
anomaly for the total system (conformal matter coupled to the Liouville theory) vanish!!
So far this approach makes sense only when the matter conformal field theory (CFT) has
the central charge cM ≤ 1.
In this approach, the system may be regarded effectively as a critical string theory in
two dimensions, since the Liouville field provides a “time-like” dimension in addition to
the space coordinate representing the conformal matter. It is then expected that there
will be no degrees of freedom beyond that corresponding to the center of mass since there
are no transverse directions; the center of mass motion of the string gives rise to a scalar
particle, which in our case becomes massless but is usually called “tachyon” in analogy
to the usual critical string. However, it has been found both in the matrix model [3]
and Liouville approaches [12-19] that there exist an infinite number of extra degrees of
freedom at discrete values of momenta. It is difficult, if not impossible, to understand
the origin and the role of these “extra states” in the matrix models since it is not clear
what characterize these states. It is thus important to try to understand these issues in
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the continuum approach. In this article, we will try to give a detailed and pedagogical
account of the Liouville approach to the 2D quantum gravity and, in particular, clarify
the origin and interactions of these states.
In sect. 2, we begin by reviewing how conformal anomaly arises in the 2D gravity
coupled to conformal matter. This discussion shows that the 2D gravity which appears
to have no degrees of freedom actually leaves its trace as the Liouville theory. In sect. 3, we
introduce the DDK ansatz [8] to reduce the theory to the “free” Liouville theory coupled
to the conformal matter such that the total central charge vanishes, giving a conformally
invariant system. In sect. 4, some perturbative justification of this trick is discussed [20].
In sect. 5, we start analyzing the physical states using the BRST formalism [21-26]. After
some preparation in sect. 5.1, we examine some simple examples in the bosonic theory
and give an idea on the general mechanism of the origin of the extra discrete states in
sect. 5.2. We then discuss the general case in sect. 5.3. The supersymmetric case is next
briefly summarized in sect. 6. Since the general idea is explained in the bosonic case, we
only sketch the main steps. In sect. 7, we discuss the relation of our approach to the
c = −2 theory as considered “topological gravity” [27-30]. In sect. 8, we give a summary
of the vertex operator representations of the extra state for c(cˆ) = 1 theory and check their
BRST invariance. We use these representations in sect. 9 to examine the interactions of
these discrete states with and without ghost number and show that their interactions are
governed by the symmetry of area-preserving diffeomorphism [15,16,19,31-35]. Finally
sect. 10 is devoted to discussions and future prospects.
For other approach to the 2D gravity using the collective coordinates and supersym-
metric case, we refer the reader to refs. [36, 37, 38].
2 Conformal anomaly and Liouville theory
Let us consider the 2D gravity coupled to a CFT with central charge cM . The partition
function is given by
Z =
∫ DgDgX
V (Diff)
e−S(X,g)−S(g), (2.1)
2
where gab is the two-dimensional metric and X represents the matter field. We assume
that the action S(X, g) is invariant under the diffeomorphism as well as the Weyl rescaling
of the metric g → eσg:
S(X, eσg) = S(X, g). (2.2)
The action for gravity is just given by the cosmological term
S(g) = µ20
∫
d2ξ
√
g, (2.3)
where ξa (a = 1, 2) are the coordinates.
It is generally believed that there is no physical degrees of freedom in the metric in
two dimensions.1 We are now going to see that this is violated by the quantum effects
called conformal anomaly and this leaves nontrivial dynamics unless certain conditions
are satisfied [4, 5]. Let us first choose the conformal gauge
gab = e
φ0 gˆab, (2.4)
where gˆab is a reference metric conformally equivalent to Euclidean metric δab. In this
gauge, it is convenient to use a complex coordinate z in place of two real ξa : z = ξ1+ iξ2.
We then have (for gˆab = δab)
gab(ξ)dξ
adξb = eφ0d2z, (2.5a)
R = e−φ0(−4∂z∂zφ0). (2.5b)
Namely, gab have components gzz¯ = gz¯z =
1
2
eφ0 on this basis.
In order to separate the volume of diffeomorphism V (Diff) from the integral over
the metric, we consider an infinitesimal transformation δz = vz(z, z¯). This induces a
variation of the metric by
(gab + δgab)dξ
adξb = gab(ξ + δξ)d(ξ
a + δξa)d(ξb + δξb). (2.6)
1 The degrees of freedom in the metric in N dimensions are obtained as follows. The second-rank
symmetric tensor has N(N + 1)/2 components. The diffeomorphism invariance subtracts N and the
gauge fixing subtracts another N , leaving N(N − 3)/2 degrees of freedom (Recall the similar counting in
the gauge theory). This gives −1 for N = 2, meaning no degrees of freedom in two dimensions. This is
reflected in the fact that the usual Einstein action is a total divergence and gives just the Euler number
1
4pi
∫
d2z
√
gR = −2(h− 1), where h is the number of handles.
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We thus get
δgzz¯ = ∂z(gzz¯v
z) + ∂z¯(gzz¯v
z¯),
δgzz = 2gzz¯∂zv
z¯, δgz¯z¯ = 2gzz¯∂z¯v
z. (2.7)
Using the fact that ∂
∂φ0
gzz =
∂
∂vz
gzz = 0 and
∂
∂φ0
gzz¯ is essentially identity, we can rewrite
the integral over the metric as
Dg = Dgzz¯DgzzDgz¯z¯
= DgvzDgvz¯Dgφ0∂(gzz¯, gzz, gz¯z¯)
∂(vz , vz¯, φ0)
∼ DgvzDgvz¯Dgφ0det(∂z)det(∂z). (2.8)
The first two integral over vz and vz¯ gives the volume V (Diff) and the last two deter-
minants can be written in terms of ghosts bzz and c
z. In this way we obtain
Z =
∫
Dgφ0DgbDgcDgXe−S(X,g)−S(g)−S(g,b,c), (2.9)
where
S(g, b, c) =
∫ d2ξ
2π
√
g(bzz∂
zcz + c.c.). (2.10)
Similar to the matter action, this is conformally invariant:
S(eφ0 gˆ, b, c) = S(gˆ, b, c). (2.11)
Thus the conformal field φ0(ξ) appears to decouple from the system. However, it does
not because the volume element DgXDgbDgc depends on φ0.
If we define an action S˜(g) by
e−S˜(g) ≡ e−S(g)
∫
DgbDgcDgXe−S(g,b,c)−S(X,g), (2.12)
the partition function is given by
Z = e−S˜(gˆ)
∫
Dgφ0e−Seff (gˆ,φ), (2.13)
where
Seff(gˆ, φ0) = S˜(e
φ0 gˆ)− S˜(gˆ). (2.14)
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Our next task is to find an explicit formula for Seff (gˆ, φ0). For this purpose, we make
the stress-energy tensor by varying the effective action Γ with respect to the metric:
Tzz = − 2π√
g
δΓ
δgzz
=
2π√
g
δW
δgzz
,
Tzz¯ = − 2π√
g
δΓ
δgzz¯
=
2π√
g
δW
δgzz¯
, (2.15)
where W is the usual generating functional for connected diagrams:
eW =
∫
DgbDgcDgXe−S(X,g)−S(g,b,c)−S(g)+(χ,X)+(β,b)+(γ,c). (2.16)
Here ( , ) means integral over the product. Using (2.12), we have
W = −S˜(g) + (terms involving sources). (2.17)
Since only the first term depends on φ0, we have
Tzz¯ =
2π√
g
δS˜
δφ0
gzz¯. (2.18)
The traceless part Tzz, on the other hand, has the part which involves X , b and c but
does not depend on φ0, and the rest T
φ
zz which depends on φ0. The first part obeys the
conservation law by itself. We thus get from the conservation law of the stress-energy
∂zT φzz + ∂z
(
2π√
g
δS˜
δφ0
)
= 0. (2.19)
The only local quantity of rank 1 involving the metric is ∂zR, hence we find
∂zT φzz = ∂
zTzz = − λ
24
∂zR, (2.20)
where λ is a constant to be determined. Combined with (2.19), eq. (2.20) yields
δS˜
δφ0
=
λ
48π
√
g(R + µ2). (2.21)
Integrating (2.21) using (2.5), we obtain
Seff(gˆ, φ0) =
λ
48π
∫
d2ξ
√
gˆ
(
1
2
gˆab∂aφ0∂bφ0 + Rˆφ0 + µ
2eφ0 − µ2
)
, (2.22)
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which is the desired Liouville action.
To determine λ, we use the Ward identity involving (2.20). If we vary (2.20) with a
variation δgww and use the variational formula
δR = (−2∂z¯∂z −R)δφ0 + ∂z¯∂z¯δgzz − ∂z∂zδgzz, (2.23)
we obtain
1
2π
∂zTzzTww =
λ
24
∂3zδ(z − w) + (less singular terms), (2.24)
leading to
TzzTww ∼ λ
12
∂3z
1
z − w + · · · = −
λ
2
1
(z − w)4 + · · · . (2.25)
Thus this λ must be minus of the central charge of the matter and b, c ghosts:
λ = 26− cM . (2.26)
This completes the reduction of the 2D gravity to the Liouville theory coupled to a
CFT. If cM = 26 as in the critical string, the Liouville field is decoupled from the system
and one may discard it. However, in non-critical case one has to incorporate the effects
of the Liouville field. This is very difficult for the following reason.
The measure for the path integral over φ0 in (2.13) is defined by the complicated norm∫
d2ξ
√
g(δφ0)
2 =
∫
d2ξ
√
gˆeφ0(δφ0)
2, (2.27)
which depends on φ0 itself nonlinearly. This has prevented us from proper treatment of
the quantum theory of the Liouville field and non-critical strings. We now turn to a very
interesting approach based on conformal field theory which enables us to transform the
theory into a more tractable form.
3 Liouville theory as free field
The conclusion obtained in the previous section may be summarized as follow. The
partition function in the conformal gauge is originally given by (2.9):
Z =
∫
Dgφ0DgbDgcDgXe−S(X,g)−S(g)−S(g,b,c). (3.1)
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This was rewritten as (2.13)
Z =
∫
Deφ0 gˆφ0DgˆbDgˆcDgˆXe−S(X,gˆ)−S(gˆ,b,c)−
λ
48pi
SL(gˆ,φ0), (3.2)
which is obtained from (2.12), (2.13) and (2.22). Here we have defined the standard
Liouville action SL(gˆ, φ0) by
SL(gˆ, φ0) =
∫
d2ξ
√
gˆ
(
1
2
gˆab∂aφ0∂bφ0 + Rˆφ0 + µ
2eφ0
)
. (3.3)
As it stands, the path integral over φ0 is very complicated and it is very difficult to make
sense of this theory.
In order to put this system in a more tractable form, we make the change of variables
such that the measure is independent of φ0. This will produce a Jacobian as
Dgφ0DgbDgcDgX = DgˆφDgˆbDgˆcDgˆXeJ(φ,gˆ), (3.4)
where Dgˆφ is the free field measure defined by the norm∫
d2ξ
√
gˆ(δφ)2. (3.5)
This procedure is similar to the rewriting of eq. (3.1) as (3.2), where the “difference”
(the Jacobian) between the two is given by the Liouville action (3.3). In analogy to this,
we assume here that the Jacobian is given by the exponential of a renormalizable local
action similar to the Liouville one (3.3) [8]:
eJ(φ,gˆ) = e−S(φ,gˆ), (3.6a)
S(φ, gˆ) =
1
8π
∫
d2ξ
√
gˆ(gˆab∂aφ∂bφ− 2QRˆφ+ 4µ′2eαφ)
=
1
2π
∫
d2z(∂φ∂¯φ− 1
2
Q
√
gˆRˆφ+ µ′2
√
gˆeαφ), (3.6b)
where Q, µ′ and α are unknown coefficients due to quantum effects.
These parameters are determined by the consistency of the above ansatz. First, let
us choose the bare cosmological constant µ0 so as to cancel µ
′. Next, to determine Q,
notice that the original theory depends only on g = eαφgˆ and so is invariant under
gˆ → eσgˆ, φ→ φ− σ/α. (3.7)
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This means
DgˆφDgˆbDgˆcDgˆXe−S(φ,gˆ) = Deσ gˆ(φ− σ/α)DeσgˆbDeσ gˆcDeσ gˆXe−S(φ−σ/α,eσ gˆ). (3.8)
Since (φ− σ/α) is an integration variable, we may write this as
Deσ gˆφDeσ gˆbDeσ gˆcDeσ gˆXe−S(φ,eσgˆ), (3.9)
where we have used the fact that the measure for φ is not changed under the shift of φ
for (3.5). Eqs. (3.8) and (3.9) imply that the total conformal anomaly vanishes! Notice
that if we simply disregard the integration over the Liouville mode φ0 in eqs. (3.1) and
(3.2), we have the Liouville action as a conformal anomaly. The important point here is
that the inclusion of the (new) Liouville field φ recovers the invariance.
The stress-energy tensor for the Liouville field is given by
T φ = −1
2
(∂φ)2 −Q∂2φ, (3.10)
which tells us that it has the central charge cL = 1+12Q2. Hence the vanishing condition
of the conformal anomaly or total central charge reads
cM − 26 + 1 + 12Q2 = 0. (3.11)
The other parameter α is determined by demanding that g = eαφgˆ be invariant under
conformal transformation, or eαφ be a conformal tensor of dimension (1,1). The dimension
of this operator is given by −1
2
α(α + 2Q), and we get
α± = −Q±
√
Q2 − 2 = −
√
25− cM ±√1− cM
2
√
3
(3.12)
We are now faced with the question which solution yields a theory equivalent to 2D
quantum gravity. The consistency with the semiclassical limit (cµ → −∞) [39] tells us
that we should choose α+.
The above whole argument can be easily extended to supersymmetric case [9].
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4 Perturbative calculation of the Jacobian
In sect. 3, we have shown that once we assume the local form of the Jacobian (3.6),
consistency uniquely fixes its precise form. In this section, we will describe a justification
of the local form of the Jacobian in the perturbative approach [20].
The transformation from the measure defined by (2.26) to the measure by (3.5) pro-
duces the formal Jacobian
eJ˜(g˜,φ) = |Det(eφ(z1)/2+φ(z2)/2δ(z1 − z2))|1/2. (4.1)
In order to calculate this Jacobian, we have to regularize it. For this purpose, we consider
a family of metrics
g(x) = exφgˆ , 0 ≤ x ≤ 1. (4.2)
The infinitesimal contribution to the Jacobian δJ [gˆ, φ, x] as the metric charges from g(x)
to g(x− δx) is, up to δx2,
eδJ˜ [g˜,φ,x] = |Det(eδx(φ(z1)/2+φ(z2)/2)δg(x)(z1 − z2))|1/2. (4.3)
With the help of the coordinate basis with states |z, x > normalized as
< z1, x|z2, x >= δg(x)(z1 − z2) = 1√
g(x)
δ(z1 − z2), (4.4)
eq. (4.3) is cast into
δJ˜ [gˆ, φ, x] =
1
2
∫ √
g(x)δxφ(z) < z, x|z, x > . (4.5)
This expression is ill-defined because < z, x|z, x >∼ δ(0). Let us then regularize this by
using the heat kernel as
δJ˜ǫ[gˆ, φ, x] =
1
2
∫ √
g(x)δxφ(z) < z, x|e−ǫ∆g(x)|z, x >, (4.6)
where ǫ is the regulator and ∆g(x) is the Laplacian for the metric g(x).
The evolution operator G(z, z′, ǫ) =< z, x|e−ǫ∆g(x)|z′, x > satisfies
lim
ǫ→0
G(z, z′, ǫ) = δg(x)(z − z′), (4.7)
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and is a solution of the differential equation
(
∂
∂t
+∆g(x)
)
G(z, z′, t) = 0. (4.8)
The solution to this equation is well known and its short time expansion is given as [5]
< z, x|e−ǫ∆g(x)|z, x >= 1
4πǫ
+
1
12π
Rg(x) +O(ǫ), (4.9)
giving2
δJ˜ǫ[gˆ, φ, x] =
1
24π
∫ √
gˆφ[Rgˆ − 2x∆gˆφ]δx+ 1
8πǫ
∫ √
gˆexφφδx. (4.10)
The last area term may be renormalized into the cosmological constant term in pertur-
bation theory. Integrating (4.10) over x gives the local action assumed in (3.6).
It seems that no ambiguity appears in the above “derivation”. However, the heat
kernel regularization used above is not unique; for instance, one may use the heat kernel
e−ǫ(∆g(x)+βRg(x)), (4.11)
which is the most general expression that is diffeomorphism invariant. The constant β
then introduces the ambiguity in the coefficient of Rφ term which is left in (3.6). More-
over, we should remember that the the reasoning and techniques used above implicitly
assume the validity of the usual perturbation. The Jacobian (4.1) has short distance
singularity and so it is to be expected that the result is a local expression. Thus it would
be fair to say that we have partial support for the ansatz (3.6) at present.
5 Discrete states in the bosonic Liouville theory
5.1 Preliminaries
After this long preparation, we now come to the analysis of the physical states in
the 2D gravity coupled to cM ≤ 1 CFT. We will treat this system as a free Liouville
scalar field coupled to CFT in a conformally invariant manner, regarding the Liouville
2Note: Rexφ gˆ = e
−xφ(Rgˆ − 2x∆gˆφ).
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exponential interaction (the cosmological constant term) as a marginal deformation; the
effects of the cosmological constant will be incorporated perturbatively.
We use the free field realization for the conformal matter. The stress-energy tensor is
given by
TX = −1
2
(∂X)2 − iλX∂2X, (5.1)
where scalar field X has the mode expansion
X(z) = qX − i(pX − λX) ln z + i∑
n 6=0
αn
n
z−n, (5.2)
with the commutation relation
[αn, αm] = nδn+m,0, [q
X , pX ] = i. (5.3)
It satisfies the Virasoro algebra with the central charge cM = 1 − 12(λX)2. This is very
similar to the Liouville theory (3.10) with λX replaced with λL = −iQ.
The conformal invariance of the whole system may be succinctly summarized by using
the BRST charge
QB =
∮
dz
2πi
c(z)(TX(z) + T φ(z) +
1
2
T bc(z)), (5.4)
where T bc(z) is the stress-energy tensor for the ghosts. The condition that the total
central charge add to up to zero becomes
(λX)2 + (λL)2 = −2, (5.5)
which is equivalent to the nilpotency of the BRST charge.3 In terms of the mode opera-
tors, the BRST charge is given by [22]
QB =
∑
n
c−nL
X,φ
n −
1
2
∑
n,m
(n−m) : c−nc−mbn+m :,
3 The total Virasoro generator Ln = L
X,φ
n + L
b,c
n is given by the anticommutator Ln = {bn, QB}.
Hence one has
[Ln, Lm] = [Ln, {bm, QB}] = −{QB, [bm, Ln]}+ {bm, [Ln, QB]}
= (n−m){QB, bm+n}+ {bm, [{bn, QB}, QB]} = (n−m)Lm+n + (terms involving Q2B),
where we have used the relation [bm, Ln] = (m − n)bm+n. This means that the nilpotency of QB is
equivalent to zero total central charge.
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LX,φn =
1
2
∑
n
: (αmαn−m + φmφn−m) : +(n+ 1)(λ
Xαn + λ
Lφn), (5.6)
where φn, cn and bn are the mode operators for the Liouville and ghost fields, and α0 =
pX − λX , φ0 = pL − λL. As usual, the BRST charge is decomposed with respect to the
ghost zero modes:
QB = c0L0 − b0M + d. (5.7)
The physical states are defined to be nontrivial ones satisfying
QB|phys >= 0. (5.8)
Any BRST-exact state (QBχ) is trivial in the sense that it trivially satisfies (5.8) and
is excluded. This is what is called the BRST cohomology. Since L0 = {b0, QB}, these
physical states satisfy
L0|phys >= QBb0|phys > . (5.9)
Therefore, any physical states are BRST-exact unless they satisfy the on-shell condition
L0 = 0. It is convenient to reduce the zero eigenspace of L0 by restricting to the states
annihilated by b0. In this space the physical state condition (5.8) reduces to
L0|phys >= b0|phys >= d|phys >= 0. (5.10)
Note that in this space d2 = 0.
We now examine a few examples to reveal the general mechanism of the origin of
extra physical states.
5.2 Examples and the general mechanism
To see how extra states arises, let us consider all possible states at level 1:
NFP = −1 : b−1|p, ↓>,
NFP = 0 : b−1|p, ↑>, α−1|p, ↓>, φ−1|p, ↓>,
NFP = 1 : α−1|p, ↑>, φ−1|p, ↑>, c−1|p, ↓>,
NFP = 2 : c−1|p, ↑>,
(5.11)
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where the ground state |p, ↓> carries the momenta pX , pL and is annihilated by b0. We
apply QB on these to find
QBb−1|p, ↓>= [(pX − λX)α−1 + (pL − λL)φ−1]|p, ↓>,
QBb−1|p, ↑>= [(pX − λX)α−1 + (pL − λL)φ−1]|p, ↑> +2c−1|p, ↓>,
QBα−1|p, ↓>= (pX + λX)c−1|p, ↓>,
QBφ−1|p, ↓>= (pL + λL)c−1|p, ↓>,
QBφ−1|p, ↑>= (pL + λL)c−1|p, ↑>,
QBα−1|p, ↑>= (pX + λX)c−1|p, ↑>,
QBc−1|p, ↓>= 0,
QBc−1|p, ↑>= 0.
(5.12)
The on-shell condition reads
− 1
2
[(pX)2 + (pL)2] = 1. (5.13)
For general momenta, eq. (5.12) shows that there are no nontrivial physical states.
However, for the special values of momenta pX = λX , pL = λL, which are compatible
with (5.13) and (5.5), eq. (5.12) becomes
QBb−1|p, ↓>= 0, QBb−1|p, ↑>= 2c−1|p, ↓>,
QBα−1|p, ↓>= 2λXc−1|p, ↓>, QBφ−1|p, ↓>= 2λLc−1|p, ↓>,
QBφ−1|p, ↑>= 2λLc−1|p, ↑>, QBα−1|p, ↑>= 2λXc−1|p, ↑>,
QBc−1|p, ↓>= 0, QBc−1|p, ↑>= 0.
(5.14)
From these relations, we find that the following states are nontrivial physical states:
b−1|p, ↓>; (λLα−1 − λXφ−1)|p, ↓>;
(λXα−1 + λLφ−1)|p, ↓> +2b−1|p, ↑>; (λLα−1 − λXφ−1)|p, ↑> .
(5.15)
Others are either BRST-exact or do not vanish.
There is another set of momenta at which similar miracle happens; pX = −λX , pL =
−λL. We find in this case that the nontrivial states are given as
α−1|p, ↓>; c−1|p, ↓>;
α−1|p, ↑>; c−1|p, ↑> .
(5.16)
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We can repeat similar analysis at level 2 and higher. In this way we find there appear
several nontrivial states at the discrete values of momenta: these states appears only at
the fixed values of momenta and hence are quite different from the usual particles.
The above examples already involve the general mechanism of how these extra states
appear. Under the action of QB, a state |α, p > transforms into another state |β, p >
with a coefficient which is a function of momenta
QB|α, p >= f(pX , pL)|β, p > . (5.17)
For general momenta, f(pX, pL) does not vanish and these states form the BRST doublet
and are unphysical. If, however, f(pX , pL) happens to vanish, |α, p > becomes a nontrivial
physical state. Since QB|β, p >= 0 for general momenta, we also have a physical state.
Thus the extra states appear by the “decomposition” of the BRST doublets into
singlets. This also explains why such states always appear in the adjacent values of the
ghost number, as in (5.15) and (5.16), and in the general case we discuss in the next
subsection.
For example, take the first state in eq. (5.12). Using
pL = i
√
(pX)2 + 2, λL = i
√
(λX)2 + 2, (5.18)
which are obtained from (5.12) and (5.5), we find that it is rewritten as
QBb−1|p, ↓>= (pX − λX)
[
α−1 − p
X + λX
pL + λL
φ−1
]
|p, ↓> . (5.19)
If we put pX = λX , pL = λL, we find two physical states b−1|p, ↓> and (λLα−1 −
λXφ−1)|p, ↓> in (5.15) by this mechanism. We can show that all other states also appear
in this way. As we will discuss in sect. 10, this is related to the vanishing of the null states
and this decompostion occurs in general at the levels where null states in the minimal
model exist; in this example, the state on the r.h.s. of eq. (5.19) for general momenta is
a null state.
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5.3 General case
Having got general idea how these extra states appear, the only remaining task is to
enumerate all possible cases when this happens.
For this purpose, it is convenient to rewrite the BRST charge in the “lightcone-like”
variables defined as
P±(n) = 1√
2
[(pX + nλX)± i(pL + nλL)],
p± ≡ P±(0) = 1√
2
(pX ± ipL),
q± = 1√
2
(qX ± iqL), α±n = 1√2(αn ± iφn).
(5.20)
We then assign the degrees to the mode operators as follows:
deg
(
α+n , cn
)
= +1, deg
(
α−n , bn
)
= −1 (5.21)
and 0 to the ground state. All the states then carry definite degrees, and the cohomology
operator d in (5.7) is decomposed into three parts with definite degrees.
d = d0 + d1 + d2. (5.22)
where d0 is given by
d0 =
∑
n 6=0
P+(n)c−nα
−
n . (5.23)
In our Fock space with definite degrees, each term with definite degrees in d2 = (d0 +
d1 + d2)
2 = 0 is separately zero. As a result, we have
d20 = d
2
2 = 0, {d0, d1} = {d1, d2} = 0, d21 + {d0, d2} = 0. (5.24)
Our strategy for examining the cohomology problem consists of the following two
steps.
1. Enumerate all possible nontrivial states satisfying
d0|ψ >= 0. (5.25)
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2. Examine if it is possible to extend the above obtained states to satisfy
d|ψ˜ >= 0 (5.26)
by adding higher degree terms.
The reason why we first search for the nontrivial states (5.25) is that any nontrivial
state satisfying (5.26) has d0-nontrivial state as its lowest degree term. Indeed, if we
decompose |ψ˜ > into terms of definite degree, |ψ˜ >= |ψk > +|ψk+1 > + · · ·, eq. (5.26)
gives d0|ψk >= 0 as the degree k term. Hence we must start from d0-nontrivial states in
order to construct d-nontrivial states.
Now our first problem is quite easy. There are two possible cases to be examined.
Case I. P+(n) 6= 0, P−(n) 6= 0 for all n ∈ Z.
In this case, if we define
K ≡ ∑
n 6=0
1
P+(n)
α+−nbn, (5.27)
{d0, K} ≡ Nˆ becomes the number operator for the oscillators. This means that any state
satisfying (5.25) with nonzero Nˆ is trivial; the argument is similar to the on-shell condition
(5.9). Hence the only nontrivial state is the ground state without mode oscillator:
|pX , pL >, (5.28)
satisfying on-shell condition L0 = p
+p− + Nˆ = 0, i.e.
− p+p− = −1
2
[(pX)2 + (pL)2] = 0. (5.29)
This is what is called the “tachyon”.
Case II. P+(j) = P−(k) = 0 for some integers j, k 6= 0.
From the linearity of P±(n) in n, we have
P+(n) = 1√
2
(λX + iλL)(n− j) = 1√
2
tX+ (j − n),
P−(m) = 1√
2
(λX − iλL)(m− k) = 1√
2
tX− (k − n),
p+ = 1√
2
tX+ j, p
− = 1√
2
tX−k,
(5.30)
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where tX± = −λX ±
√
(λX)2 + 2 (we have chosen λL = i
√
(λX)2 + 2 ). The on-sell
condition (5.10) then tells us that d0-nontrivial states exist only at the level Nˆ = −p+p− =
−P+(0)P−(0) = jk, and hence j, k > 0 or j, k < 0. The question is what are the
candidates for such states.
If we define
Kj =
∑
n 6=0,j
1
P+(n)
α+−nbn, (5.31)
Nˆ0,j = {d0, Kj} becomes the operator for all the mode operators but α+−j, c−j for j > 0
(α−j , bj for j < 0). These are the only operators that can produce nontrivial states. At
level jk, the nontrivial states are
(
α+−j
)k |pX , pL > , c−j (α+−j)k−1 |pX , pL >, (5.32)
for j, k > 0 and (
α−j
)−k |pX , pL > , bj (α−j )−k−1 |pX , pL >, (5.33)
for j, k < 0. •
This exhausts all possible d0-nontrivial states. For example, if P
+(j) = 0 but P−(n) 6=
0, we have
P−(n) =
1√
2
(
λX − iλL
)
(n− α), (5.34)
with α being not integer. This gives p+p− = P+(0)P−(0) = −jα, which implies that the
nontrivial state is possible only at jα. However, the only available oscillators have level
j, which cannot produce states at this level.
Having completed step 1, we now proceed to step 2. Without detailed proof (for
which we refer the reader to refs. [14, 18]), we summarize the main lemma necessary to
understand the final results.
Lemma. If, for each ghost number NFP , the cohomology of d0 is nontrivial for at
most one fixed degree independent of NFP , then we can construct unique (up to d-exact
term) d-nontrivial state satisfying (5.26) from the d0-nontrivial state by adding higher
degree terms. •
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Therefore we have discrete physical states whose lowest degree terms are given in
(5.32) and (5.33). It is clear that these states for j = k = 1 correspond some of the states
in (5.15) and (5.16).4 Note that these discrete states have adjacent values of the ghost
number [NFP = 0, 1 for (5.32) and NFP = 0,−1 for (5.33)], as we pointed out in sect. 5.2.
These physical states exist at level jk for any given integers j and k, and there are an
infinite number of them. The levels at which they exist are precisely those where null
states in the minimal models exist (see, for instance, refs. [40, 41]). This is no accident.
We will discuss why this is so in sect. 10.
6 Discrete states in the super-Liouville theory
In this section, we briefly discuss the supersymmetric extension of the results in the
previous section. The extension involves the introduction of the additional fermionic
partners (ψ, ξ) and (β, γ) of (X, φ) and (b, c). Using the lightcone-like variables similar
to (5.20), the BRST charge takes the form
QB = c0L− b0M + d ( − 1
2
γ0F + 2β0K − 1
4
b0γ
2
0 ) (6.1)
for the NS (R) sector, where
L0 = p
+p− + Nˆ ,
d = d0 + d1 + d2,
d0 =
∑
n 6=0
P+(n)c−nα
−
n −
1
2
∑
r
P+(2r)γ−rψ
−
r . (6.2)
The explicit forms of other operators are not necessary except that d2 = 0 in the Fock
space with states of definite degrees. The nilpotency of the BRST charge now gives the
condition
(λX)2 + (λL)2 = −1. (6.3)
4Here we only discussed the relative cohomology defined by (5.10), and the states in sect. 5.2 contain
absolute cohomology defined without the restriction b0|phys >= 0. Hence there are more states in
sect. 5.2.
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Our strategy for finding nontrivial physical states is the same as in the bosonic case.
The only difference is that we have extra degrees of freedom coming from the supersym-
metric partner. These appear in the second term in d0 (6.2).
Let us first examine the NS sector. Due to the additional fermionic term, there are
many possibilities to be examined. Case I is the same as the bosonic Liouville and we have
only ground state |pX , pL > with p+p− = 0. Case II has the following two possibilities:
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(i)Even j.
In this case, it appears that α+−j and c−j (α
−
j and bj) for j, k > 0 (j, k < 0) can
produce nontrivial states, but the on-shell condition tells us that nontrivial states are
possible only at the level
Nˆ = −p+p− = −P+(0)P−(0) = 1
2
jk. (6.4)
and hence j, k > 0 or j, k < 0. For odd k the above mode operators cannot produce
states at this level. For even k, the nontrivial states are
(
α+−j
)k/2 |pX , pL > , c−j (α+−j)k/2−1 |pX , pL >, (6.5)
for j, k > 0 and (
α−j
)−k/2 |pX , pL > , bj (α−j )−k/2−1 |pX , pL > . (6.6)
for j, k < 0.
(ii) Odd j.
Similarly the nontrivial states may be created by α+−j, c−j, ψ
+
−j/2 and γ−j/2 (α
−
j , bj , ψ
−
j/2
and βj/2) for j, k < 0 (j, k < 0) at level
1
2
jk. There are many states starting from
(γ−j/2)
k|pX , pL >, ψ+−j/2(γ−j/2)k−1|pX , pL >, (6.7)
the rest being obtained by replacing two γ’s by either c−j or α
+
−j and so on for j, k > 0
(and similarly for j, k < 0). How this table ends depends on whether k is even or odd,
but there is no essential difference in these two cases. •
Just as in the bosonic case, there is no other case with nontrivial d0 cohomology.
Using the lemma in the previous section, we see that the ground state tachyon for
Case I and the states in (6.5) and (6.6) for Case II (i) with even j and odd k can be
extended to nontrivial elements of d cohomology. However, this lemma does not apply
to the states in case (ii) since there are many nontrivial states. We have in this case:
Lemma′. If a d0-nontrivial state transforms into another d0-nontrivial one under the
action of d, those two states cannot give rise to d-nontrivial state, since these form BRST
doublets [18, 19]. •
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Examining how the states in Case II (ii) transform into one another, we can easily
find that only the states
ψ+−j/2(α
+
−j)
(k−1)/2|pX , pL >,
[(α+−j)
(k−1)/2γ−j/2 − j(k − 1)c−jψ+−j/2(α+−j)(k−3)/2]|pX , pL >, (6.8)
for odd j, k > 0 and
ψ−j/2(α
−
j )
−(k+1)/2|pX , pL >,
[(α−j )
−(k+1)/2βj/2 − 1
2
bjψ
−
j/2(α
−
j )
−(k+3)/2]|pX , pL >, (6.9)
for odd j, k < 0, are singlets and can produce nontrivial d-cohomology. (If k is even,
there is no singlet and hence no nontrivial state.)
To summarize, we have found that there are discrete states at level 1
2
jk generated
from (6.5), (6.6), (6.8) and (6.9) for j − k = even. We note that these are precisely the
conditions for the null states to exist [41] and that these states again have adjacent values
of the ghost number.
The R sector may be similarly examined [18]. After exactly the same procedure, it
is easy to show that there are nontrivial states at level 1
2
jk with j − k = odd for given
integers j and k. The nontrivial states are generated form (6.5) and (6.6) for odd j and
even k, and from (6.8) and (6.9) for even j and odd k. Again the above conditions are
those for the existence of the null states.
7 cM = −2 topological gravity
If the conformal matter coupled to the 2D gravity has cM = −2, it has been noted
that the system is quite similar to the topological gravity [27-30].
In our notation using free scalar fields, the stress-energy tensor for such a system is
given by
T = −1
2
(∂X)2 − i
2
∂2X − 1
2
(∂φ)2 +
3
2
∂2φ, (7.1)
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If we use the standard bosonization for the bosonic ghost [42]
β = −ie−iX+φ∂X , γ = eiX−φ, (7.2)
eq. (7.1) is rewritten as
T = −2β∂γ − ∂βγ. (7.3)
The conformal dimensions of these “ghosts” are dim.(β, γ) = (2,−1) and this system has
the central charge 26 which cancels against −26 from the reparametrization ghosts (b, c).
In the representation by β and γ, the Virasoro generator L0 is just the number operator
for all the nonzero mode operators. According to eq. (5.9), this means that the nonzero
mode operators cannot produce nontrivial cohomology; only zero modes can give rise to
such states.
The mode expansion of the ghosts are given by
γ(z) =
∑
n
γnz
−n+1 , β(z) =
∑
n
βnz
−n−2, (7.4)
and the conformal vacuum satisfies
γn|0 >= βm|0 >= 0 for n ≥ 2, m ≥ −1. (7.5)
The usual choice of the ground state for the β − γ system is
γn|0˜ >= βm|0˜ >= 0 for n ≥ 1, m ≥ 0, (7.6)
which are related to (7.5) by5
|0˜ >= eφ(0)|0 > . (7.7)
According to refs. [29, 30], the nontrivial cohomology is given by the states
γl0|0˜ >, c0γl0|0˜ >, < 0˜|βl0, < 0˜|βl0c0. (7.8)
5To see that |0˜ > defined by (7.7) satisfies (7.6), one computes
γne
φ(0)|0 >=
∮
dz
2pii
zn−2γ(z)eφ(0)|0 >=
∮
dz
2pii
zn−2eiX−φ(z)eφ(0)|0 >=
∮
dz
2pii
zn−1 : eiX(z)−φ(z)+φ(0) : |0 >
which vanishes for n > 0.
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This space has only one-dimensional extension (depends only on single integer), in con-
trast to our analysis in the previous section.
In order to compare these results with ours, let us examine what momenta (pX , pL)
these states carry. From the correspondence (7.2), we see that γ0 carries momenta (p
X −
1
2
, pL − 3
2
i) = (1, i), and hence the first state in (7.8) has the momenta
(
pX − 1
2
, pL − 3
2
i
)
= (l, i(l − 1)). (7.9)
On the other hand, since λX = 1
2
and λL = 3
2
i (tX+ = 1, t
X
− = −2), our analysis in sect. 5
indicates that there exist extra discrete states at [see eq. (5.30)]
pX = 1√
2
(p+ + p−) = 1
2
(j − 2k),
pL = 1√
2i
(p+ − p−) = −i
2
(j + 2k).
(7.10)
Comparing (7.10) with (7.9), this seems to indicate j = 0 and 2k = −2l − 1. The
latter condition contradicts to the fact that k and l are integers. The resolution of this
inconsistency lies probably in the fact that the vacuum |0˜ > is not unique; for example, if
we take |0˜ >= eφ(0)+(φ(0)−iX(0))/2 |0 >, which still satisfies (7.6), we get j = 0 and k = −l.
Thus these states are at level 0 in our notation.
It is clear that our analysis allows for the wider space than that considered in the
representation in terms of β and γ; ours includes states connected by the exponentials
of φ1 and φ2, which cannot be reached by simply multiplying β or γ. This wider space
has been known as the “picture changed one” in superstring theory [42]. If we have an
additional constraint that we should identify the picture changed states as in superstring,
then the nontrivial cohomology is exhausted by (7.8). It is not clear to us at present
whether we should impose such condition in the cM = −2 theory.
8 Vertex operator representations for cM = 1 gravity
The analysis in sects. 5 and 6 shows that there are an infinite number of discrete
physical states. However, their concrete representations have not been given. Such rep-
resentations are, in fact, complicated for cM < 1 gravity and the complete representations
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for all of them have not been known although some of them have been given in terms
of Schur polynomials [14, 17]. Fortunately it has been pointed out that cM = 1 gravity,
the most interesting case from the physical point of view, allows for rather simple repre-
sentations by means of the vertex operators [14-19]. In this section, we summarize the
representations and show the BRST invariance of the states.
For cM < 1 theory, the representations of the physical states are characterized by the
screening operators with dimension one [41, 43]:
S±(z) =: e
itM
±
X(z) :, tM± = −λX ±
√
(λX)2 + 2. (8.1)
In the limit cM → 1 (λX → 0), these constitute the SU(2) current algebra with an
additional generator J0:
J±(z) =: e±i
√
2X(z) :, J0(z) =
1√
2
i∂X(z), (8.2)
which satisfy the operator product expansion with the level κ = 1:
J+(z)J−(w) ∼ κ
(z − w)2 +
2
z − wJ
0(w),
J0(z)J±(w) ∼ ±1
z − wJ
±(w),
J0(z)J0(w) ∼ κ/2
(z − w)2 . (8.3)
The key of the simplicity of the construction of the discrete states for cM = 1 is that
these currents form a closed algebra. Thus all the physical states in the cM = 1 matter
theory belong to representations of the SU(2) current algebra, which are well known [44].
It is easy to see that ei
√
2JX(z) transforms as the highest weight of spin J representation.
By repeatedly acting with the lowering operator J−, we get the spin J multiplet VJ,m,(m =
J, J−1, · · · ,−J). Note that for |m| = J , VJ,m are the standard tachyon operator ei
√
2mX(z)
at particular momenta. The conformal dimension of VJ,m is J
2.
These primary fields receive some gravitational dressing. We demand that the dressed
fields have conformal dimension (1,1) since then it makes sense to integrate them over the
surface. The operator eαφ has the conformal dimension −1
2
α(α−2√2), (note: λL = i√2).
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We see that there are two possibilities:
VJ,m(z)e
√
2(1±J)φ(z). (8.4)
The SU(2) quantum numbers (J,m) are related to the integers (j, k) introduced in sect. 5.
To see this, note that the operator carries momenta (pX , pL−i√2) = (√2m,−i√2(1±J)).
On the other hand, we have tX± = ±
√
2 and tL± = −i
√
2. Combined with (5.30), we get
J ≡ |j + k
2
| , m ≡ j − k
2
. (8.5)
Similarly we have constructed all the states found in the analysis in sect. 5. The result
is summarized as follows [18].
(1) For j, k ∈ Z+ and NFP = 0,
Ψ
(−)
J,m(z) = (J
−
0 )
J−mei
√
2JφM (z)e
√
2(1+J)φL(z), (8.6)
where
J−0 ≡
∮
Cz
dζ
2πi
J−(ζ). (8.7)
(2) For j, k ∈ Z+ and NFP = 1,
Ψ˜
(−)
J−1,m(z) = (J
−
0 )
J−m−1
∮
Cz
dζ
2πi
K(ζ)
ζ − z e
i
√
2JφM (z)e
√
2(1+J)φL(z), (8.8)
where6
K(z) ≡ cˆ(z)J−(z). (8.9)
(3) For j, k ∈ Z− and NFP = 0,
Ψ
(+)
J,m(z) = (J
−
0 )
J−mei
√
2JφM (z)e
√
2(1−J)φL(z). (8.10)
(4) For j, k ∈ Z− and NFP = −1,
Ψ˜
(+)
J−1,m(z) = (J
−
0 )
J−m−1
∮
Cz
dζ
2πi
L(ζ)ei
√
2(J−1/2)φM (z)e
√
2(3/2−J)φL(z), (8.11)
6The caret on c in (8.9) means that the zero mode c0 is removed. The term proportional to c0 in
(8.8) (if we included c0) gives actually c0Ψ
(−)
J,m, which has spin J and should be subtracted. This can be
done alternatively by subtracting ∂c(z)Ψ
(−)
J,m (namely, without using cˆ).
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where
L(z) ≡ b(z)e−iφM (z)/
√
2e−φ
L(z)/
√
2. (8.12)
The states representing the nontrivial cohomology classes are obtained by acting the
above operators (with z = 0) on the physical vacuum |λ >≡ |λX = 0 > ⊗|λL = i√2 >
⊗c1|0 >bc. Notice that Ψ(±)J,m have spin J whereas Ψ˜(±)J−1,m have spin (J − 1).
These states may also be written in terms of the Schur polynomials defined by
∑
k≥0
Sk(x)z
k = exp

∑
k≥1
xkz
k

 . (8.13)
They satisfy
∂
∂xj
Sk(x) = Sk−j(x), (8.14a)
k−j∑
m=1
mxmSk−j−m(x) = (k − j)Sk−j(x), (8.14b)
Sk(x+ y) =
k∑
j=0
Sj(x)Sk−j(y), (8.14c)
which can be proved using (8.13). From (8.11), we have for case (4)
Ψ˜
(+)
J−1,J−1(0)|λ >=
∮
0
dζ
2πi
ζ2−2J
∑
n≤−1
bnζ
−n−2e−iX+(ζ)/
√
2e−φ+(ζ)/
√
2|pXmax, pL >, (8.15)
where we have denoted the creation operator terms by X+(ζ) and φ+(ζ), and p
X
max =√
2J, pL = −i√2(1− J). Noting that iX+(ζ) + φ+(ζ) = ∑n>0 1nα−−nζn, we get
Ψ˜
(+)
J−1,J−1(0)|λ > =
∮
0
dζ
2πi
∑
n≤−1,k≥0
bnζ
−n−2JSk
(
−α
−
−m
m
)
ζk|pXmax, pL >
=
∑
n≥1
b−nS2J−n−1
(
−α
−
−m
m
)
|pXmax, pL > . (8.16)
In this way, all the states created by (8.6)-(8.12) may also be written as
(1) Ψ
(−)
J,m(0)|λ >= (J−0 )J−m|pXmax, pL >, (J = (j + k)/
√
2),
(2) Ψ˜
(−)
J−1,m(0)|λ >= (J−0 )J−m−1
∑2J−1
n=1 c−nS2J−1−n
(
−√2α−m
m
)
|pXmax −
√
2, pL >,
(3) Ψ
(+)
J,m(0)|λ >= (J−0 )J−m|pXmax, pL >, (J = −(j + k)/
√
2),
(4) Ψ˜
(+)
J−1,m(0)|λ >= (J−0 )J−m−1
∑2J−1
n=1 b−nS2J−1−n
(
−α
−
−m
m
)
|pXmax −
√
2, pL >,
(8.17)
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where pXmax =
√
2J = |j + k|/√2 and pL = −i2+j+k√
2
, in agreement with ref. [14]. [Note
the difference in the arguments of Schur polynomials in cases (2) and (4).]
It is instructive to check explicitly that these states are BRST invariant. Take, for
example, the state (2). Since J−0 commutes with the BRST charge, it is enough to show
this for m = J − 1. Applying the BRST charge on the state, we get
QBΨ˜
(−)
J−1,J−1(0)|λ >
=

 ∑
n,l>0
c−nc−lL
X,φ
n S2J−1−l −
1
2
∑
n,m,l>0
(n−m) : c−nc−mbn+m : c−lS2J−1−l

 |pX , pL >
=

 ∑
n,l>0
c−nc−lL
X,φ
n S2J−1−l +
1
2
∑
m6=l>0
(2m− l)cm−lc−mS2J−1−l

 |pX , pL > . (8.18)
Since S2J−1−l does not depend on φn, we get for n > 0
LX,φn S2J−1−l(x)|pX , pL >
=
{
1√
2
[P+(n) + P−(n)]αn +
1
2
n−1∑
m=1
αn−mαm +
∑
m>0
α−mαm+n
}
S2J−1−l(x)|pX , pL >,
(8.19)
where xn ≡ −
√
2α−n
n
. Using J = j+k
2
, m = j−k
2
= J − 1, we have j = 2J − 1 and k = 1,
and hence from (5.30)
P+(n) = −(n− 2J + 1), P−(n) = n− 1. (8.20)
With the help of (8.14), the second and third terms in (8.19) may be transformed as7
n−1∑
m=1
d
dxn−m
d
dxm
S2J−1−l(x) =
n−1∑
m=1
S2J−1−l−n(x) = (n− 1)S2J−1−l−n(x),
∑
m>0
mxm
d
dxm+n
S2J−1−l(x) =
∑
m>0
mxmS2J−1−l−m−n(x)
= (2J − 1− l − n)S2J−1−l−n(x). (8.21)
Substituting these into (8.19) yields
√
2(J − 1)(−
√
2)
d
dxn
S2J−1−l(x) + (n− 1)S2J−1−l−n(x) + (2J − 1− l − n)S2J−1−l−n(x)
= −lS2J−1−l−n(x). (8.22)
7Note: αm = m
d
dα
−m
= −√2 d
dxm
.
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Putting this into (8.18), we are left with
QBΨ˜
(−)
J−1,J−1(0)|λ >
=

− ∑
n,l>0
lc−nc−lS2J−1−l−n +
1
2
∑
n,m>0
(m− n)c−nc−mS2J−1−m−n

 |pX , pL >
= −1
2
∑
m,n>0
(m+ n)c−nc−mS2J−1−m−n|pX , pL >= 0. (8.23)
The last equality follows from the symmetry of the sum. It is easy to check the BRST
invariance of the other states.
Finally we summarize the representation for cˆM = 1 super-Liouville theory [18]. These
are obtained by noting that the physical states form again representations of the SU(2)
current algebra generated by
J±(z) =:
√
2ψ(z)e±iX(z) :, J0(z) = i∂X(z), (8.24)
which satisfy (8.3) with level κ = 2.
For the NS sector, they are generated by the following operators:
(1) For j, k ∈ Z+ and NFP = 0,
Ψ
(−)
J,m(z) = (J
−
0 )
J−meiJX(z)e(1+J)φ(z). (8.25)
(2) For j, k ∈ Z+ and NFP = 1,
Ψ˜
(−)
J−1,m(z) = (J
−
0 )
J−m−1
∮
Cz
dζ
2πi
K(ζ)
ζ − z e
iJX(z)e(1+J)φ(z), (8.26)
where
K(z) ≡ [1
2
γ(z) + c(z)ψ(z)]e−iX(z). (8.27)
(3) For j, k ∈ Z− and NFP = 0,
Ψ
(+)
J,m(z) = (J
−
0 )
J−meiJX(z)e(1−J)φ(z). (8.28)
Here J ≡ | j+k
2
| and m ≡ j−k
2
are integers. We do not have explicit representation for case
(4) at present. It seems necessary to use complicated picture changing to construct the
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states in (4). In terms of the Schur polynomials, these are written as follows:
(1) (J−0 )
J−m|pXmax, pL >, (J = (j + k)/
√
2),
(2) (J−0 )
J−m−1
[
1
2
∑
r>0 γ−rSJ−r− 1
2
(
−α−m
m
)
+
∑
n,r>0 c−nψ−rSJ−n−r− 1
2
(
−α−m
m
)]
|pXmax − 1, pL >,
(3) (J−0 )
J−m|pXmax, pL >, (J = −(j + k)/
√
2),
(8.29)
where pXmax = J and p
L = −i(1 + J).
The BRST invariance of these states may be similarly checked. For example, if we
apply the BRST charge to the state in (2), we get, after some algebra,
QBΨ˜
(−)
J−1,J−1(0)|λ >
=
[
1
2
∑
n,r>0 c−nγ−r(J − 1)αnSJ−r− 1
2
(
−α−m
m
)
+ 1
4
∑
n,r>0,q c−n : α−qαq+n : γ−rSJ−r− 1
2
(
−α−m
m
)
−1
4
∑
n>s,r>0 γ−sγ−rψs−nαnSJ−r− 1
2
(
−α−m
m
)
− 1
2
∑
r>n>0
(
3
2
n− r
)
c−nγn−rSJ−r− 1
2
(
−α−m
m
)
+
∑
n,r,q>0 c−qc−nψ−r(J − 1)αqSJ−n−r− 1
2
(
−α−m
m
)
+1
2
∑
p,n,r>0,q c−p : α−qαq+p : c−nψ−rSJ−n−r− 1
2
(
−α−m
m
)
+1
2
∑
p,q,r>0(q − p)c−pc−qψ−rSJ−p−q−r− 1
2
(
−α−m
m
)
−1
4
∑
q,n,r,s>0(2s+ q)c−qc−n : ψq+sψ−s : ψ−rSJ−n−r− 1
2
(
−α−m
m
)
+1
2
∑
n,r,s>0 γ−sc−n(J − 1)ψsψ−rSJ−n−r− 1
2
(
−α−m
m
)
+1
2
∑
n,r,s>0,q c−nγ−sψs−qαqψ−rSJ−n−r− 1
2
(
−α−m
m
)
− 1
4
∑
r,s,t>0 γ−sγ−tψ−rSJ−r−s−t− 1
2
(
−α−m
m
)]
|pX , pL > .
(8.30)
We collect the terms involving c−nγr and use eqs. (8.14) to find
−1
2
∑
n,r>0(J − 1)c−nγ−rSJ−n−r− 1
2
(
−α−m
m
)
+ 1
4
∑
n,r>0,0>q>−n c−nγ−rSJ−n−r− 1
2
(
−α−m
m
)
−1
2
∑
n,r,q>0 c−nγ−rα−qSJ−n−q−r− 1
2
(
−α−m
m
)
− 1
2
∑
n,r>0
(
n
2
− r
)
c−nγ−rSJ−n−r− 1
2
(
−α−m
m
)
+1
2
∑
n,r>0(J − 1)c−nγ−rSJ−n−r− 1
2
(
−α−m
m
)
− 1
2
∑
s,n,r,q>0 c−nγ−sψs−qψ−rSJ−n−q−r− 1
2
(
−α−m
m
)
+1
2
∑
s,n,r,q>0 c−nγ−sψs+qψ−rα−qSJ−n−r− 1
2
(
−α−m
m
)
= −1
2
∑
n,r,s,t>0 c−nγ−sψ−tψ−rSJ−n−r−s−t− 1
2
(
−α−m
m
)
= 0,
(8.31)
where the last equality follows from the symmetry. It is easy to show that the remaining
terms also vanish. We can similarly show the BRST invariance of other states.
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States for the R sector contain the two-dimensional spinors from the fermion zero-
modes ψ±0 =
1√
2
(ψ0 ± iξ0) ≡ 12(σ1 ± iσ2). From the condition F ≡ 2[β0, QB] = 0, we find
the spinor structure of the state

 0
1

 for cases (1) and (2) and

 1
0

 for case (3) [18].
So we may take the vacuum

 0
|λ >

, with β0|λ >= 0, and create the representatives
of nontrivial cohomology classes by using the same operators as in the NS sector given in
(8.25,26) for the cases (1) and (2) (but with half-odd-integers J and m). For case (3), we
should take the vacuum

 |λ >
0

. Of course, the mode expansions should be modified
accordingly. We can similarly check the BRST invariance of these states.
9 Interactions of the discrete states
Using the vertex operator representations given in the previous section, it is easy to ex-
amine the three-point interactions of the discrete states for cM = 1 theory [15,16,18,19,31-
35]. These can be most easily obtained from the operator product expansion
Ψ
(+)
J1,m1(z)Ψ
(+)
J2,m2(0) = · · ·+
1
z
CJ3,m3J1,m1,J2,m2g(J1, J2)Ψ
(+)
J3,m3(0) + · · · , (9.1)
where C are the Clebsch-Gordan coefficients and g(J1, J2) is an unknown function. From
the dependence of the zero modes of X and φ, J3 and m3 are determined to be J3 =
J1 + J2 − 1, m3 = m1 +m2. For these values, the coefficients become
CJ3,m3J1,m1,J2,m2 =
N(J3, m3)
N(J1, m1)N(J2, m2)
J2m1 − J1m2√
J3(J3 + 1)
, (9.2a)
N(J,m) =
√√√√(J −m)!(J +m)!
(2J − 1)! . (9.2b)
To determine g(J1, J2), we may compute the operator product for m1 = J1 − 1 and
m2 = J2. In this way, one finds
Ψ
(+)
J1,m1
(z)Ψ
(+)
J2,m2
(0) = · · ·−1
z
√
2J3(2J3 − 1)!√
J1J2(2J1 − 1)!(2J2 − 1)!
N(J3, m3)(J2m1 − J1m2)
N(J1, m1)N(J2, m2)
Ψ
(+)
J3,m3
(0)+· · · .
(9.3)
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Hence after appropriate change of the normalization, the algebra is given by [16]
Ψ
(+)
J1,m1
′
(z)Ψ
(+)
J2,m2
′
(0) = · · ·+ 1
z
(J2m1 − J1m2)Ψ(+)J3,m3
′
(0) + · · · . (9.4)
The others may be computed similarly, with the result [16]
Ψ
(−)
J1,m1
′
(z)Ψ
(−)
J2,m2
′
(0) = 0,
Ψ
(+)
J1,m1
′
(z)Ψ
(−)
J2,m2
′
(0) = 0, (J1 ≥ J2 + 1),
Ψ
(+)
J1,m1
′
(z)Ψ
(−)
J3,−m3
′
(0) =
1
z
(J2m1 − J1m2)Ψ(−)J2,−m2
′
(0). (9.5)
These relations are equivalent to the following three-point function:
< 0|Ψ(+)J2,m2
′
(z1)c(z1)Ψ
(+)
J1,m1
′
(z2)c(z2)Ψ
(−)
J3,−m3
′
(0)c(0)|0 >= (J2m1 − J1m2). (9.6)
The coefficient appearing in the algebra (9.4) is known to be the structure constant of
the area-preserving diffeomorphism [45].
The algebra for the states with nonzero ghost number may be computed similarly [35].
We have
Ψ˜
(+)
J1−1,m1(z)Ψ˜
(−)
J3−1,−m3(0) = · · ·+
1
z
F J2,−m2J1−1,m1,J3−1,−m3Ψ
(−)
J2,−m2(0) + · · · ,
F J2,−m2J1−1,m1,J3−1,−m3 = C
J2,−m2
J1−1,m1,J3−1,−m3g(J1, J2), (9.7)
where
CJ2,−m2J1−1,m1,J3−1,m3 =
(−1)J1−1−m1N(J3 − 1, m3)
N(J1 − 1, m1)N(J2, m2) [m1J2 −m2(J1 − 1)]. (9.8)
To determine g(J1, J2), we consider the special case m1 = −J1 + 2 and m2 = −J2. After
some calculation, one finds
F =
(−1)J1−1−m1N(J3 − 1, m3)
N(J1 − 1, m1)N(J2, m2)
(2J3 − 1)!
(2J1 − 3)!(2J2 − 1)!
√
2J2(J1 − 1)(J3 − 1)
[m1J2−m2(J1−1)].
(9.9)
Instead of continuing this line, we have computed the three-point function
< 0|Ψ(+)J2,m2(z1)c(z1)Ψ˜(+)J1−1,m1(z2)c(z2)Ψ˜(−)J3−1,−m3(0)c(0)|0 > (9.10)
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in ref. [35] and found that this is given precisely by the constant F in (9.9). After changing
the normalization, one finds
< 0|Ψ(+)J2,m2(z1)c(z1)Ψ˜(+)J1−1,m1(z2)c(z2)Ψ˜(−)J3−1,−m3(0)c(0)|0 >= J2m1 − (J1 − 1)m2, (9.11)
again the structure constant of the area-preserving diffeomorphism.
The results (9.6) and (9.11) may be summarized by the effective action for the three-
point interactions
S3 = g0
∑
J1,m1,J2,m2,A,B,C
fABC
{
1
2
[J2m1 − J1m2]g(−),AJ1+J2−1,−m1−m2g(+),BJ1,m1g(+),CJ2,m2
− [J2m1 − (J1 − 1)m2]g˜(−),AJ1+J2−2,−m1−m2 g˜(+),BJ1−1,m1g(+),CJ2,m2
} ∫
dφ, (9.12)
where we have introduced the open string coupling constant g0 and the Chan-Paton
index A in the adjoint representation of a Lie group, and associated coupling constants
g
(s),A
J,m (g˜
(s),A
J,m ) with vertex operators Ψ
(s),A
J,m (Ψ˜
(s),A
J,m ) with s = ±.
This can be rewritten in terms of fields defined as
Φ(φ, θ, ϕ) =
∑
s,A,J,m
TAg
(s)A
J,m M
s(J,m)DJm,0(ϕ, θ, 0)e
(sJ−1)φ,
Φ˜(±)(φ, θ, ϕ) =
∑
A,J,m
TAg˜
(±)A
J−1,mM
±(J − 1, m)DJ−1m,0 (ϕ, θ, 0)e(±J−1)φ, (9.13)
where Ms are normalization constants defined by
M+(J,m) =
(J − 1)!√
(2J − 1)!
N(J,m), M−(J,m) =
(−1)m
4π
(2J + 1)
√
(2J − 1)!
(J − 1)!N(J,m) . (9.14)
Note that the fields with NFP 6= 0 have opposite statistics to those with NFP = 0. If we
use Poisson brackets for the rotation matrix,
{DJ1m10, DJ2m20}
= i
N(J3, m3)
N(J1, m1)N(J2, m2)
√√√√(2J1 − 1)!(2J2 − 1)!
(2J3 − 1)!
(J3 − 1)!
(J1 − 1)!(J2 − 1)!(J2m1 − J1m2)D
J3
m3,0
,
(9.15)
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it is easy to show that S3 can be written as
8
S3 = ig0
∫
dφe2φ
∫
S2
d2xεijTr
(
1
3
Φ
∂Φ
∂xi
∂Φ
∂xj
− 2Φ˜(−)∂Φ˜
(+)
∂xi
∂Φ
∂xj
)
, (9.16)
where xi = (θ, ϕ).
This form of the effective action reminds us of the similar structure of the nonabelian
gauge theory. Following this analogy, it is natural to look for similar ”BRST-like” sym-
metry in the action. For this purpose, it turns out to be convenient to write the action
for the states without ghost number in terms of the fields
Φ(±)(φ, θ, ϕ) =
∑
s,A,J,m
TAg
(±)A
J,m M
±(J,m)DJm,0(ϕ, θ, 0)e
(±J−1)φ (9.17)
We have
S3 = ig0
∫
dφe2φ
∫
S2
d2xεijTr
(
Φ(−)
∂Φ(+)
∂xi
∂Φ(+)
∂xj
− 2Φ˜(−) ∂Φ˜
(+)
∂xi
∂Φ(+)
∂xj
)
, (9.18)
which has the symmetry under
δΦ(+) = λΦ˜(+), δΦ˜(−) = λΦ(−),
δΦ˜(+) = 0, δΦ(−) = 0. (9.19)
Note that is a nilpotent transformation δ2 = 0, similar to the BRST transformation.
This transformation is similar to that generated by the operator L(z) defined in eq.(8.7)
except that this changes spins of the states; the generator is given by
Q =
∮
dz
2πi
b(z)e−iX(z)/
√
2−φ(z)/√2, (9.20)
which is clearly nilpotent. Indeed, it is easy to see
QΨ
(+)
J,m = Ψ˜
(+)
J− 1
2
,m− 1
2
, QΨ˜
(−)
J−1,m = Ψ
(−)
J− 1
2
,m− 1
2
. (9.21)
8 The factors in the effective action (9.16) are obtained as follows. Since the φ integra-
tion restricts the superscripts to (−,+,+) and produces factor three, the first term becomes
Tr
(
Φ(−)
[
∂Φ(+)
∂θ
∂Φ(+)
∂ϕ
− ∂Φ(+)
∂ϕ
∂Φ(+)
∂θ
])
= Tr
(
Φ(−),A
[
∂Φ(+),B
∂θ
∂Φ(+),C
∂ϕ
− ∂Φ(+),B
∂ϕ
∂Φ(+),C
∂θ
]
TA 12 [T
B, TC]
)
,
which gives the first term in (9.12). The second term is obtained similarly.
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The action can then be written as
S3 = ig0
∫
dφe2φ
∫
d2xεijδTr
[
Φ˜(−)
∂Φ(+)
∂x
Φ(+)
∂x
]
. (9.22)
What does this symmetry imply? We have no definite answer yet. However this
strongly suggests that these “ghost degrees of freedom” play the role of the ghosts in the
usual string and cancel part of the contribution from the NFP = 0 states.
There is some support to this conjecture. Bershadsky and Klebanov [46] have recently
computed the one-loop partition function in cM = 1 gravity. The result is
Z
VL
=
1
4π
√
2
∫
d2τ
|η(q)|2
τ
3/2
2
ZM(τ, τ¯), (9.23)
where VL = | lnµ|/
√
2, τ is the moduli parameter integrated over the fundamental do-
main, q = e2πiτ , and ZM(τ, τ¯) is the matter partition function given by
ZM(τ, τ¯ ) = Trq
L
(M)
0 −cM/24q¯L¯
(M)
0 −cM/24
=
1
|η(q)|2
∑
s,t
q(s
√
2/R+tR/
√
2)2/4q¯(s
√
2/R−tR/√2)2/4
=
R√
2τ2|η(q)|2
∑
n,m
exp
(
−πR
2|n−mτ |2
2τ2
)
, (9.24)
for a scalar field compactified on a circle of radius R. This partition function contains
the contribution from the primary fields
exp[ikX(z) + ik¯X¯(z¯)], (k, k¯) =
(
s
√
2
R
+
tR√
2
,
s
√
2
R
− tR√
2
)
. (9.25)
If |k| or |k¯| is n/√2, there are additional special primary fields (8.4) whose existence is
connected with the vanishing of the null states (see the example (5.19) and the discussion
in sect. 10).
For |k| 6= n/√2, there are no null states and no special primary fields, giving the
Virasoro character Xk = q
k2/2/η(q). For |k| = n/√2, the primary field exp(inX/√2)
has a null descendant (which actually vanishes) of dimension (n + 2)2/4. Thus we must
subtract the latter contribution:
χn,0 =
qn
2/4 − q(n+2)2/4
η(q)
. (9.26)
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However we have another primary field (of the same dimension) which itself has a van-
ishing descendant. They give the character
χn,1 =
q(n+2)
2/4 − q(n+4)2/4
η(q)
. (9.27)
We have the similar sequence of the characters. If we add these characters, all the
contributions from the extra primary fields expect those of the form (9.25) cancel out,
giving
∞∑
l=0
χn,l(q) =
qn
2/4
η(q)
. (9.28)
and it gives the result (9.24). Namely, the partition function looks as if the only primary
fields are (9.25), and their Virasoro modules do not contain vanishing descendant.
This result suggests that the “ghost states” with spin (J − 1) cancel against the con-
tributions of the discrete states with NFP = 0 and spin J except those of the “boundary
states” VJ,±J = exp(±iJX/
√
2). To really check this possibility in our approach, we have
to compute the one-loop partition function with our effective action.
It is possible to extend the above analysis to the super-Liouville theory [18, 19, 31,
32, 33]. There again we find the interactions of the discrete states (in the NS sector) are
governed by the same area-preserving diffeomorphism. We refer the reader to the second
reference in [18] for the details of computation.
10 Discussions
We have shown in sect. 5 and 6 that there are extra discrete states at the fixed values
of momenta. These momenta precisely correspond to the values at which special states
with respect to the Virasoro algebra appear. We now discuss why this is so.
For this purpose, let us use a free field realization of the Virasoro algebra. In this
representation, the Virasoro generators are expressed in terms of the oscillators. Hence
the states generated by the Virasoro generators are rewritten by the oscillators. At level
N , the relation can be written as
L−I(λ)|t+ λ >=∑
J
CIJ(t+ λ, λ)α
−J |t+ λ > (10.1)
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where |t + λ > is a Fock vacuum with the momentum p = t + λ, L−I(λ) and α−J stand
for all the independent combinations of the Virasoro generators, and CIJ(t + λ, λ) is a
matrix depending on t and λ. Clearly the oscillator Fock space is much larger than the
space spanned by the Virasoro generators. This means that CIJ does not necessarily have
inverse. The criterion when this happens is given by the Kac determinant formula:
det[C(t + λ, λ)] = const.× ∏
j,k>0
1≤jk≤N
(t− t(−j,−k))P (N−jk), (10.2a)
det[C(t+ λ,−λ)] = const.× ∏
j,k>0
1≤jk≤N
(t− t(j,k))P (N−jk). (10.2b)
The first equation means that for the particular values of t = t(−j,−k) ≡ 1−j2 t+ + 1−k2 t−
(t± ≡ −λ±
√
λ2 + 2), there are states at the level jk in the oscillator Fock space which
cannot be constructed by the Virasoro generators:
∑
I
L−I |t+ λ >= 0, (10.3)
which give physical states. At the zeros of (10.2b), there are again physical primary states
(“null states” for cM < 1) at the same level jk. This is the origin why such discrete states
exist at these levels, where the decomposition of the BRST doublets into singlets takes
place owing to (10.3).
We have thus given a summary of the Liouville approach to the 2D gravity. There are
still some unsolved problems. For example, we might say that we now understand the
origin of the discrete states fairly well. However, the role of these states, in particular,
those with ghost number is not understood yet.
We hope that through this analysis, we may get new insight into the 2D quantum
gravity.
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